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We consider the conductivity quantization in two-dimensional arrays of mesoscopic Josephson 
junctions, and examine the associated degeneracy in various regimes of the system. The filling 
factor of the system may be controlled by the gate voltage as well as the magnetic field, and its 
appropriate values for quantization is obtained by employing the Jain hierarchy scheme both in 
the charge description and in the vortex description. The duality between the two descriptions 
then suggests the possibility that the system undergoes a change in degeneracy while the quantized 
conductivity remains fixed. 
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PACS numbers; 74.50. +r, 74.25.Fy, 67.40. Db, 67.40.-^ 



During past decades two-dimensional arrays of super- 
conducting grains, weakly coupled Iw Josephson junc- 
tions, have been studied extensively.! In particular re- 
cent advances in fabrication techniques make it possible 
to control the physical parameters of the arrays, provid- 
ing a convenient model system for the study of charge 
and vortex configuration and dynamics. When the di- 
mensions of the superconducting grains and the capac- 
itances involved are small, the associated charging en- 
ergy is non-negligible and qufuatum dynamics comes into 
play at the macroscopic level. □ In such an array of ultra- 
small junctions, frustration can be introduced not only 
by applying magnetic fields but also by inducing exter- 
nal charges; these control the numbers of vortices and 
charges (Cooper pairs), leading to interesting dynamic 
responses.u In appropriate regimes the Hall conductiv- 
ity as well as the dc component of the voltage or of 
the current may be quantized, ancLthe possibility of the 
corresponding quantum Hall cffcctcl as well as, the giant 
Shapiro steps and giant inverse Shapiro stepsO has been 
pointed out. 

This work examines such conductivity quantization in 
various regimes of the system, with regard to the associ- 
ated degeneracy. We thus consider a Josephson-junction 
array with the junction capacitance between nearest- 
neighboring grains dominant over the self-capacitance of 
each grain; the system is characterized by the charge- 
vortex duality, which is manifested by transforming 
charge variables into vortex variables. Here in the pres- 
ence of both the charging energy and the Josephson cou- 
pling energy, charges or vortices may form incompressible 
quantum liquids and display quantization of the Hall con- 
ductivity at appropriate values of the filling factor, which 
may be con.trolled by the gate voltage as well as the mag- 
netic field.Q We employ the Jain hierarchy schemeQ to ob- 
tain the quantization values of the filling factor both in 
the charge description and in the vortex description. The 
duality between the two descriptions then suggests that 
the system may undergo a change in degeneracy while 



the quantized conductivity remains fixed. 

We begin with an L x L square array (L^ = N) 
with the Josephson coupling Ej and the charging energy 
Ec = e^/2C, in the limit that the self-capacitance Co is 
negligibly small compared with the junction capacitance 
C. The system in the uniform transverse magnetic field 
B = V X A is described by the Hamiltonian 

H = AEc 5](nr - /c)Gr,r'(rir' - /c) 



-Ej COs(0r — Ipr' 

(r,r') 



where the (excess) Cooper pair number at site r is 
conjugate to the phase (pr and G^.r' is the lattice Green's 
function. The (uniform) charge frustration /c is related 
to the externally induced charge Q on each grain via 
fc = Qjle, whereas the plaquette sum of the bond angle 

Ar^r' = (27r/$o) /r'' A • dl givcs the the number of the 
flux quantum (f>o = 27r?ic/2e or the (uniform) magnetic 
frustration according to X)p^r,r' = — 27r/i,. Here the 
system is described in terms of charge variables; in this 
description the charges (Cooper pairs) interact via the 2D 
Coulomb potential of strength Ec while the Josephson 
coupling Ej provides the kinetic energy for them. 

When the charging energy is smaller than the Joseph- 
son coupling energy, it is convenient to use the dual de- 
scription by means of the vortex HamiltonianEI 

H = 2ttEj J2 - /.)GR,R'(n^. - /„) 

R,R' 

E cos(0^-0^,-yl^3,), (2) 

(R,R') 

where the vortices, defined on dual lattice sites R, are 
taken for quantum mechanical particles. Namely, the 
vortex charge and the vortex phase 4>^ are conju- 
gate to each other. The vortex bond angle p^, has 



been defined in such a way that its plaquette sum (on 
the dual lattice) gives the induced charge on the en- 
closed grain or charge frustration, X^p^R.R' = ^27r/c. 
The vortex bond angle may also be expressed as the 
line integral of the vortex vector potential A„ : ^, — 

(27r/2e) A„ • dl, where the corresponding vortex mag- 
netic field Bi, = V X A„ is simply the induced surface 
charge density p, so that the flux through a grain is sim- 
ply the total induced charge on that grain, J B^, - da. = Q. 
In this vortex Hamiltonian, the roles of the charging en- 
ergy and the Josephson energy are reversed: The latter 
describes interactions between vortices whereas the for- 
mer provides kinetic energy. The resulting charge-vortex 
duality between Eqs. (|l]) and (||) has been shown to givj 
interesting consequences such as. universal conductivity, 
persistent current and voltageJ13 and giant Shapiro Steps 
and inverse steps in response to applied ac currents.l3 

In the absence of the Josephson coupling {Ej — 0), 
the ground state of the system, determined by the first 
term of the Hamiltonian in Eq. (|]), forms an insulat- 
ing charge lattice. When = p/q with p and q rela- 
tively prime, the charge lattice has the q x q structure, 
in general with g-fold degeneracy. On the other hand, 
in the opposite case that the charging energy is absent 
{Ec = 0), the ground state is determined by the second 
term of Hamiltonian (j2|) , forming an s x s vortex lattice 
for fy = r/s (again with relatively prime r and s). Thus 
obtained is a superconducting state with s-fold degen- 
eracy. Obviously, these degeneracy factors may also be 
obtained from the dual descriptions. For example, in the 
latter case of Eq — 0, Eq. reduces to the Hamiltonian 
for a (tight-binding) charged particle in a magnetic field, 
which is_well known to display s-fold degenerate energy 
spectra.EJ 

In the presence of both charging energy and Josephson 
energy, the latter provides kinetic energy of charges or the 
former provides that of vortices, which tends to destroy 
the charge or vortex lattice structure. Unlike in a con- 
tinuum system,Ej vortices in the array system considered 
here are generally accepted as rather ssjelLdefined point- 
like objects with finite effective mass.EjO In particular, 
vortices as well as charges have been argued to be bosons, 
possessing hard cores in the appropriate regimes .□ Ac- 
cordingly, when the two energies are comparable to each 
other, we have strongly interacting particles (charges or 
vortices) , which have been suggested to form a quantum 
liquid in the ground state. In this case it is convenient to 
write the Hamiltonain (^) or (^ in the second quantized 
representation: 



6l5,+^^V(r^,-/)G.,(n,-/), (3) 



where &| and bi are the boson (charge or vortex) creation 
and annihilation operators at (original or dual) lattice 
site i, respectively, rii = blbi is the number operator, 
Aij is the charge or vortex bond angle, and / describes 



charge or magnetic frustration. We here consider the case 
of large u such that bosons are well defined with small 
fiuctuations, possessing hard cores {ni = 0, 1). This cor- 
responds to the regime of large Ec in the charge de- 
scription, where t and u are proportional to Ej and Ec, 
respectively; these roles of Ec and Ej are reversed in the 
vortex description. 

Equation (^ describes a two-dimensional system of 
fN bosons, i.e., Nc = fcN Cooper pairs or = fyN 
vortices, each of charge 2e or $0i in a uniform magnetic 
field B or Bi,. Here each vortex carries one magnetic 
flux quantum $0 or each charge one vortex magnetic flux 
quantum 2e. Thus we have Nc particles together with Ny 
flux quanta or vice versa, leading to the charge or vortex 
filfing factor i/^ = Nc/Ny = fc/fy and = Ny/N^ = 
The usual (charge) Hall conductivity thus reads 



{2ef 



(4) 



whereas the vortex Hall conductivity, given by the inverse 



<i>n 

h Oh 



(5) 



simply corresponds to the Hall resistivity. 

Via the Jordan- Wigner transformation, the boson sys- 
tem described by the Hamiltonian (||) can be mapped into 
a fermion system with an additional gaug&£eld, which is 
possible owing to the hard-core conditionJl3 Namely, we 
attach a fiux quanta to each boson, where a is an odd 
integer, and transform the boson into a fermion. This 
results in fermions (charges) with the effective num- 
ber of flux quanta given by iV^ = |A^„ — aNc\ or Ny 
fermions (vortices) with iV^ — \Nf.-~aNy \ flux quanta, 
and such a system of interacting fermions in a magnetic 
field is expected to form an incompressible quantum fiuid 
for an appropriate filling factor. In the simple case the 
ground state is described by the Laughlin wave function 



* = []|z,-z,r(z,-z,)'"exp 



1 



(6) 



where Zj represents the complex coordinate of the zth 
particle (Cooper pair or vortex) and I = yJhc/2eB or 
y^hc/^oBy is the magnetic length. Here the odd integer 
m is related to the filling factor via 1/ = (m -I- a)~^, giv- 
ing the fractional quantization of the Hall conductivity 
at even-denominator filling factors. |— ■ 

According to the topological argument fractional 
quantization associated with the filling factor l/2fc re- 
quires that the ground-state wave function should ba 
multi-valued on a torus, possessing 2k components. EZI 
Here it is of interest to note that such fractional quan- 
tization of the vortex Hall conductivity corresponds to 
the integer quantization of the charge Hall conductivity. 
In particular the relation between the two filling factors, 
Vc = i^y^, suggests the possibility of different topologi- 
cal degeneracy depending on the description, in terms of 
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either charges or vortices. pTo examine such possibihty, 
we adopt the Jain hierarchyQ to obtain appropriate fiUing 
factors for quantization. With m— 1 flux quanta attached 
to each fermion, the remaining flux quanta gives the net 
number N^'^^^ = N^'^jj: — {m — l)Nc,v Note that attach- 
ing m— 1 flux quanta to a fermion corresponds to attach- 
ing a+m—1 = (2k— 1) flux quanta to the boson (original 
charge or vortex), thus transforming it into a fermion. 
For charges, this leads to netl^ = fv — {a + m — l)/c 
for afc < fv and N^^^^JN = [a - m + l)fc - fv for 
otfc > fv] for vortices, the roles of fc and fv are reversed. 
The net filling factor is then given by 



(net) _ 



^fc,v ^ fv,c-! 



(a - m + l)iyc,v - I' 



(7) 



where v^^y = fc,v/ fv,c is the bare filling factor for charges 
or vortices. To obtain quantization, we should have an 
integer number of filled Landau levels, i.e., = n. 

With this condition, Eq. (0) yields the values of the fill- 
ing factors appropriate for quantization, which, for both 
charges and vortices, obtain the form 



(8) 



{2k 



with k = 1,2,3,.... When only the lowest Landau level 
is filled {n = 1), the above result reduces to = l/2k, re- 
producing the values of the Laughlin state, as expected. 
On the other hand, in case that all the flux quanta are 
attached {n — > oo), we have = l/(2fc — 1), implying 
that odd-denominator values are also possible. 

In the charge description, relevant for the case of suf- 
ficiently large Ec, we have fractional quantization of the 
Hall conductivity at = {2k — 1 ± In the oppo- 

site case that Ej is sufficiently larger than Ec^ the vor- 
tex description is applicable, yielding quantization (of the 
charge Hall conductivity) at i^c = {2k — 1 ± 1/n). In this 
regime, however, the topological character is determined 
by the vortex configuration, and may not be the same as 
that appearing by the charge configuration. As an exam- 
ple, we consider the case fc = 1/2 and /„ — 1/3, leading 
to the filling factors Vc = 3/2 and Vy = 2/3. In the charge 
description, Eq. (^) with k — 1 and n = 3 gives Vc = 3/2, 
implying (charge) Hall conductivity quantization at this 
value, with two-fold topological degeneracy. Similarly, 
the value Vv — 2/3 can be obtained from Eq. (||) with 
k = 1 and n = 2, thus suggesting quantization of the 
vortex Hall conductivity at Vv = 2/3, with three-fold de- 
generacy. Via Eq. (|^), this corresponds to quantization 
of the charge Hall conductivity at Vc — 3/2. Accord- 
ingly, the quantization (of the charge Hall conductivity) 
remains the same in the two regimes, but the topological 
degeneracy is apparently different. 



Generalizing the above, we consider a system with 
given values of fc and such that the quantized filling 
factors are given by Vc — fd fv = vll and Vv = = 
q/p with p and q relatively prime. When Ej/Ec is suf- 
ficiently small, the charge description is appropriate and 
gives g-fold degeneracy. For sufficiently large Ej/Ec, 
on the other hand, we have p-fold degeneracy from the 
vortex description. This is reminiscent of the problem 
of a charged particleJjji a periodic (lattice) potential un- 
der a magnetic field:E3 In the tight-binding limit, where 
the potential is sufficiently strong compared with the ki- 
netic energy, the system is described by Harper's equa- 
tion with the frustration parameter /, displaying s-fold 
degeneracy. (Here f = r/s is again the flux per plaquette 
in units of the flux quantum.) In the opposite limit of 
weak potential, the system is still described by Harper's 
equation, manifesting duality, but / is replaced by f~^, 
leading to r-fold degeneracy. Since the Josephson cou- 
pling corresponds to the kinetic energy of charges, the 
duality between the two regimes in the array is indeed 
analogous to that in Harper's equation. In the regime 
Ej/Ec «C 1, the ground state of the system should be 
an insulator; for Ej/Ec ^ 1 it should be a supercon- 
ductor. The system is thus expected to undergo a phase 
transition between the insulating state and the super- 
conducting one as Ej/Eq is varied, suggesting the du- 
ality present between the two states. Assuming a single 
transition, we expect the system to be self-dual at the 
critical value {Ej / Ec)c, which depends upon the frus- 
tration parameters fc and fy. It then follows that the 
system with quantization at i/c — p/q possesses g-fold 
degeneracy for Ej/Ec < {Ej/Ec)c and p-fold one for 
Ej/Ec >{Ej/Ec)c- 

In summary, we have considered the possibility of 
conductivity quantization in a two-dimensional array of 
Josephson junctions, and examined the associated degen- 
eracy in various regimes of the system. In the presence of 
both the charging energy and the Josephson coupling en- 
ergy, charges or vortices may form incompressible quan- 
tum liquids and display quantization of the Hall conduc- 
tivity at appropriate values of the filling factor, which 
may be controlled by the gate voltage as well as the mag- 
netic field. Adopting the Jain hierarchy scheme, we have 
obtained the quantization values of the filling factor both 
in the charge description and in the vortex description. 
The duality between the two descriptions has then been 
shown to suggest the interesting possibility that the de- 
generacy of the system can change while the quantized 
conductivity remains fixed. 
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